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Engineering methods of solving the inverse heat-conduction problem, approved in the prac- 
tice of processing data of nonstationary thermal experiments, are elucidated, 

The de t e rmina t ion  of boundary conditions (BC) by means  of the data of t e m p e r a t u r e  m e a s u r e m e n t s  
is c a r r i e d  out during p roces s ing  and analyzing the r e su l t s  of e x p e r i m e n t a l  inves t iga t ions .  Di rec t  m e a s u r e -  
ment of the intensi ty  of the t h e r m a l  ac t ion  in an exper imen t  is difficult ,  as  a ru le ,  and usually the nonsta-  
t ionary  t e m p e r a t u r e  field of the c h a r a c t e r i s t i c  e lements  in the object under  invest igat ion is r eco rded .  The 
BC c h a r a c t e r i s t i c s ,  the spec i f ic  heat  fluxes or the hea t -exchange  coeff ic ients  governing the t h e r m a l  mode 
of the tes t ,  must  be sought for by means  of avai lab le  informat ion  about heat ing of the object during ana ly-  
s is  of the t es t  data .  The  p rob l em  reduces  to finding the solution of the i nve r se  p rob l em for  the nonsta-  
t ionary  hea t -conduct ion  equation (IPHC). In genera l ,  formulat ion of the i n v e r s e  hea t -conduct ion  p ro b l em 
is i n c o r r e c t  in the sense  that  t he re  is no continuous dependence of the r e s u l t s  of the solut ion on the input 
data ,  which is  especially- e s sen t i a l  for  applied p rob lems  when the input in fo rmat ion  (data of the e x p e r i -  
ment) contains e r r o r s  in m e a s u r e m e n t  and decoding.  

Because  of i ts  t ime l ine s s ,  such a p r o b l e m  has been  examined by a number  of au tho r s .  A s u r v e y  of 
the main  pape r s  is p resen ted  in [1, 2, 3]. The f i r s t  publicat ion of r e su l t s  is in the paper s  of Kudryavtsev ,  
Chakalev,  and Shumakov [4-7]. According to our informat ion,  A. M. Zhuravski i  proposed the f i r s t  so lu-  
t ions of ce r t a in  p rob l ems  in 1954. 

The s ta te  of the question under  cons idera t ion  is such that,  as a ru le ,  each inves t iga tor  s t a r t s  f rom 
the r e q u i r e m e n t s  of p rac t i ce  and independently develops  his own method of p r o c e s s i n g  the t e m p e r a t u r e  
m e a s u r e m e n t  data taking account  of the s ingula r i t i es  of the m e a s u r e m e n t  faci l i t ies  used and the spec i f i c s  
of the p r o c e s s e s  being inves t iga ted .  At the s a m e  t ime  the degree  of development  of the theory  and the 
p r a c t i c a l  methods at  this  instant  p e r m i t s  ca r ry ing  out an  object ive ana lys i s  of the s t a te  of the a r t  and of 
noting the opt imal  means  of solving typica l  p rac t i ca l  p r o b l e m s .  

Let  us cons ider  the solut ion of the IPHC for  nonsta t ionary,  r e l a t ive ly  s h o r t - r a n g e ,  in tensive t h e r -  
mal  modes  of an exper imen t .  

The use  of any method of solving the IPHC is de te rmined  by the s t r u c t u r a l  pecu l i a r i t i e s  and the loca-  
t ion of the t e m p e r a t u r e  s ens o r  in the object  under  invest igat ion.  In p rac t i ce ,  it is convenient  to use  i m -  
bedded s e n s o r s ,  t he rmocoup les  in spec ia l  cas ings .  In the s imples t  case ,  the t e m p e r a t u r e  of the heated 
su r f ace  of the s t r u c t u r e  is m e a s u r e d  successfu l ly ,  while in other cases  t e m p e r a t u r e  m e a s u r e m e n t s  a r e  
poss ib le  only deep in the walls  at some  dis tance  f r o m  the heating su r face  and, in a number  of c a se s ,  only 
on a su r f ace  opposite to that being heated.  Fo r  nonmetal  s t r u c t u r e s  with a poss ib le  en t ra inment  of the 
m a t e r i a l  of the su r f ace  being hea ted ,  the BC can  apparen t ly  be de te rmined  by m e a s u r i n g  the t e m p e r a t u r e  
just  in the bulk of the s t r u c t u r e .  

tn conformi ty  w'ith the m e a s u r e m e n t  methods cons idered  and taking into account  the spec i f ics  of the 
p r o c e s s e s  of heat  exchange and heat ing of s t r uc tu r e ,  it is  r e c o m m e n d e d  that  a method of de te rmin ing  the 
t h e r m a l  BC be cons t ruc ted  by means  of the t e m p e r a t u r e  m e a s u r e m e n t  data:  
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Simple a lgor i thms to  convert  the BC should be worked out in the ease  of measur ing the t em p e ra tu r e  
of the sur face  being heated or near  it; 

Economical  a lgor i thms should be used for  IPHC of genera l  form,  at least  because  of the int roduc-  
t ion of definite constra ints  by means of a p r io r i  es t imates  of possible  assumptions (linearization, approx-  
imat ion of the laws of t ime var ia t ion  of the heat-exchange cha rac t e r i s t i c s ,  the motion of boundaries ,  etc.);  

Algori thms with minimal const ra ints  should be worked out to p rocess  unique exper imenta l  data,  

Algori thms to convert  the BC according to the resu l t s  of t em p e ra tu r e  measurements  of the surface  
being heated [1, 8] a re  convenient for  the prac t ica l  purposes  of p rocess ing  the data of the rma l  exper iments .  
This  problem is co r r ec t  [2]. 

The re la t ionships  [2]  

0 

or  [1, 8] 
't dT  w (x) 

~ dx 
q (t) = ~ j V.}~ x 

0 

_ _ d T  (2) 

can be used for  the case  of a semi- inf in i te  body. 
ciently small  in tervals  At and denoting the d i s c r e t e  values of the measured  surface  t empera tu re  by 

" Tw (sAO = Tv~ (ts) = Ts, s = l ,  2 . . . . .  k ,  

we approximate ly  de te rmine  the in tegra l  in the r ight  s ide of (2): 

sat 

V t -----7 Vt - �9 l/-E--s + a+VEZ}- ' 
0 s = l  

so  that 

Separating the range of computation [0, t] into k suffi-  

(3) 

where  

k 

q (kM) = ~ Z (T8 - -  T~.I) C~.,, 
S = I  

= 2 0 m +  I - - K E ) .  

(4) 

(5) 

Formula  (4) is  acceptable upon compliance with the condition 

Fo<< 1, (6) 

and in prac t ice  for  

F o ~  0.1. (6') 

It is especially convenient for operational processing of temperature measurement data "by hand" on key- 
board machines or on small electronic computers. 

Analogous dependences can be recommended for finite-thickness plates also [1, 8], 

q(kM) = 2 - ~  (T~--T~_I)Ck_~(SFo),  (7) 

where  the coefficients  
cv 

Cm (AFo) = E ol {exp [-- ~t~mA Fo] -- exp [-- p,~ (m + l)h Fol} (8) 
u~AFo 

n = l  

have been tabulated for a number of values of m and AFo or can be evaluated by means of a special  sub-, 
p r o g r a m  during the computations of (5) on an e lec t ronic  computer .  

Appropr ia te  computational dependences to  de te rmine  the heat flux to a heated sur face  by means of 
i ts measured  t e mpe ra tu r e  have been obtained also for  infinitely long solid and hollow cyl inders .  
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For  the solid cyl inder  
k 

q (kAt) = 2 )0  V (T, - -  T, ~) B~ ~ (AFo) (9) 
R ~  - - ' 

B~ (AFo)= ~ 1 {exp I--v~mAFo] --exp [--~'~(m =- 1)AFo]}. (t0) 
v~A Fo 

n ~ l  

Tables  have also been compiled for the coefficients Bm(AFo ). In the case  of a hollow cyl inder ,  uni la tera l  
heating f rom within or without is cons idered  when the other  sur face  is considered heat insulated [15]. 

The prob lem of convert ing the BC in a nonlinear formula t ion  can be rea l ized  by solving the d i rec t  
problem by some di f ference  method and then calculating the heat fluxes by means of the t em p e ra tu r e  g ra -  
dient at the sur face  [1]. 

To p rocess  the data of t e m p e r a t u r e  measurements  by deep- ly ing  sensors ,  when it is neces sa ry  to 
take account  of the inco r rec tness  of the IPHC, d i rec t  methods a r e  acceptable  in a number of prac t ica l  
cases  [1, 9, 10, 11]. The following r e c u r s i o n  relat ions can hence be used:  

semi- inf in i te  body, 
k- -1  

• (r~ - To) - -  ~ q~C~, (~ox)  X 
q (kAt) = 

C O ( A F o x )  ' ( 1 1 )  

I 1 - - -  1 ] " (12) C~ (AFox)= 2 l/A--Fox l / ~  ierfc 2 1 (m+ l)AFox - -  1/ m ierfc 2 1/mA Fox ' 

infinite plate [1], 

q (,~At) = 

k 

cpRAt (Th - -  T~ --  Z +  q~ [ 1 - -  2C k_~ (hFo, ~)] 

1 - -  2 C 0 (AFo, ~) �9 (13)  

oo 

c ~  (AFo, g ) =  V 

solid cyl inder ,  

(--  1) n+l cos a ~  
a~AFo (exp [-- a~ mAVo] - -  exp [-- a] (m + 1) hFo]}; 

k - - !  

cpR2_~ (Ta -- To) -- Z 
q (kAt) = '=~ 

q, [ 1 + B~_~ (5Fo, ~1)I 

I + B o (A Vo, ~1) 

o0 

Bm(AFo, ~1)= Z J 0 ( ~ )  {expI--13~mkFo] --exp[--13~(rn+ 1)kFo]}; 

hollow cyl inder  heated f rom within, 
k--1  ( I p2) 

(7~, - -  To) - -  E q~ [1 - -  B~_~ (h Fo, O, p)] 
2R1AFo 

q (kAt) = '=~ 
I - - B  0(AFo, O, p) 

t - -  p Z  B m(AFo, 0, p ) = - - ~ - -  • 
2pAFo 

oo o 

- - ~  _ _  J~ (v~) I:o ( % )  v l  (;v~) - vo ( % )  :1 (p~) l  x x 
.=1 v .  [s~(pv~) - J~ (v~)-i- 

• {exp I ~ ~-- ?7,mhFo] - -  exp [-- y~ (m ~ 1) hFo]}; 

(14) 

(15) 

(16) 

(17) 

(18) 
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hollow cyl inder  heated f rom without, 

x(1 -p~) 
2R~AEo 

q(k~) = ,, 

Dm (A Fo, O, p) = ~ - -  

k--I 

(T~-- To) - -  Z q' [l--Dk-* (a Fo, O, p)] 

1 - -  D O (A Fo, 0,' p) 

2AF-oo ~=1 7~ [Jl (PT~) - -  J~ (7~)1 

(19) 

• ~]o (ova) Y, (p~,~) -- Yo (ow) .r, (pv~)] {exp [-- v~ maFo! --exp [-- V~ (m + i) a Fol}. (20) 

According to the resu l t s  in [9], the computational formulas  proposed above a r e  suitable upon com-  
pliance with the condition 

AFox > 0.31. (21) 

On the basis  of our computational exper ience ,  the more  r igorous  cons t ra in t  

A Fox >/ 0.4--0.45 (21') 

should be used. 

The domain of application of computational formulas of the type (11), (13), (15), (17), (19) is broad- 
ened because  of ra is ing  the i r  s tabil i ty by the method of least  squares  [9]. Thus,  in determining heat fluxes 
in the k- th  computational in terva l  by this method by using values of the t e m p e r a t u r e  measured  at the points 
k + j, the  s tabi l i ty  l imit  of the formulas  is r a i s e d t o  AFo X -> 0.012 for  j = 3. The computational formula  
hence has the following fo rm (infinite plate):  

~.~ [-~-(Tk+,--To)--~ q'A'-*+'] Z A, 
= i=0 (22) 

i q (kAt) = i--o 

A i = 1- -2  C~ (A Fo, ~). (23) 

On the bas is  of the computational schemes  proposed,  a lgor i thms have been developed and p rograms  
to  compute the heat  fluxes by means of the t e m p e r a t u r e  measured  on s t ruc tu ra l  e lements  of s imple  geo-  
me t r i c  shape by using coefficients tabulated or calculated in advance (or during the solution of the IPHC) 
have been devised.  

Regular izat ion methods [12, 13, 14], by means of which appropr ia te  a lgor i thms and standard p ro-  
g rams  must be compiled,  should be used for da ta -process ing  problems for a the rma l  exper iment  for  whose 
solution the above-ment ioned constra ints  on the spacing a r e  not acceptable ,  and also for nonlinear prob-  
l ems .  

NOTATION 

t ,  t ime;  x, coordinate;  X, spacing between the heated sur face  and the point with the measured  t e m -  
pe ra tu re ;  T, measu red  t empe ra tu r e ;  h, coefficient  of t h e rm a l  conductivity; c, specif ic  heat;  p, density;  
~, coefficient  of the rmal  diffusivity; q, specif ic  heat flux; At, computation t ime  interval ;  R, plate thick-  
ness or outer radius of the solid cyl inder ;  Rl:  inner  radius  of the hollow cyl inder;  R2, outer  radius of  the 
hollow cyl inder;  Fo = at / /2;  A Fo = aAt/12; l, cha rac te r i s t i c  geomet r ic  dimension, equal to R for  a plate 
o r R  2 for  a solid cyl inder;  AFo X =nAt/X2; ~ = X/R;  7 = r / R ;  0 = r/R2;/~n = (2n-l)  ~/2; Vn, roots  of the cha r -  
ac te r i s t i c  equation J0(vn) = 0; a n = nII~ Tn, roots  of the cha rac t e r i s t i c  equation J1 (P~n) Y1 (~n)-Yi (PTn) Jl (~n) = 0; 
P = RllR2; fin roots  Of the cha rac t e r i s t i c  equation Jl{fln) = 0; Y0(z), Yl(z), z e r o -  and f i r s t -  o rd e r  B e s s e l f u n e -  
tions of the f i r s t  kind; J0(z), Jl(z), z e r o -  and f i r s t - o r d e r  Besse l  functions of  the second kind;0, 1, 2, ..., k 
r e f e r  to running t imes;  k r e f e r s  to computational t ime; n r e f e r s  to the ordinal  number  of the roots  of the 
cha rac te r i s t i c  equation. 
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